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o-Algebra

Definition (o-Algebra)

Let 2 be a sample space.
A collection .# of subsets of €2 is called a o-algebra if it satisfies the following properties:

1. Qe F.
2. IfA e %,then A €¢ & (closed under complements).
3. IfA1,Ay,--- € Z, then

U Aie F.

ieN

(closed under countably infinite unions).

e Elements of a o-algebra are called events.
V28 The pair (£2,.%) is called a measurable space.
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Probability Measure R
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Definition (Probability Measure)

Afunction P : .# — [0, 1] is called a probability measure if the following properties are satisfied:
1. P(0) = 0.
2. P(2) =1.
3. If A1, Ay, ... isacountable collection of disjoint sets, with A; € .% for eachi € N, then

IP’(U A,) => P(4).

ieN ieN

2/25
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Measurable Function R 22

Definition (Measurable Function)

Let (E, &) and (G,¥) be two measurable spaces.
Consider a function f : E — G. The function f is said to be measurable if

VBe¥, f B ={ecE:f(e)cB}cé.

(E, &) / (G,9)

3/25 f1(B) B

nralimaoce
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Random Variable ~ =mm 22

Definition (Random Variable)

Fix a measurable space (€2, .7).
A function X : {2 — R is called a random variable if it is measurable, i.e.,

VBe #R), X B ={we:X(w)eB}ec.F

(Q,.7) X (R, B(R))

4/25 X~Y(B) - B
preimage
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Probability Law of a Random Variable e,

Fix a probability space (2, .7, P)
Let X : 2 — R be a random variable with respect to .%.

Definition (Probability Law / Distribution of X)
The probability law of X is the function Px : (R) — [0, 1] defined by

Px(B) =P(X"(B)), Be Z(R).

e Px is a probability measure on (R, Z(R)).
e If E C Riscountable and E = {e1, ey, ...}, then

Px(E) = > P(X=e).
ieN

5/25
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Probability Law of a Random Variable (Diagram) ===

3
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(Q, 7,P) (R, Z(R), Px)

preimage

6/25
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Joint Probability Law of Random Variables e

Fix a probability space (2, .7, P).

Definition (Joint Probability Law)

Given random variables X1, Xs, . . ., X;, defined with respect to .%#, their joint probability
law is the measure

Px,,..x, : ZR") — [0, 1]
defined by

Px,,..x,(B) =P({w € Q: X1(w), ..., Xa(w)) € B}), B e BR").
e Py, .. x, is a probability measure on (R", Z(R")).

7/25
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o-Algebra Generated by a Random Variable T T
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Fix a measurable space (€2, .%)
Let X : 2 — R be arandom variable.

Definition (o-algebra generated by X)

The o-algebra generated by X, denoted by o (X), is defined as

o(X) = {X"'(B): B ZR)}.

¢ o(X) is the collection of all events whose occurrence (or non-occurrence) may be
decided purely based on the realization of X.

e o(X) is a o-algebra of subsets of ().

8/25
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Independence of Two Random Variables === £

Fix a probability space (2, .7, P)
Let (X,Y) : Q — R2.

Definition (Independence)

We say that X and Y are independent random variables if

o(X) UL o(Y),

P(A; NAy) = P(A4))P(4;)  VA; € o(X), 4y € o(Y).

¢ |n terms of probability laws, independence implies

o/ ]ny(B] X B2) = Px(Bl)Py(Bz), VBi,By € @(R)
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Expectation T

Fix (©2,.%#,P) and let X be a random variable defined on this probability space.

Definition (Expectation)

The expectation of X is

E[X] = /Q XdP = /w _ X dP).

Forany A € .7,

/Xd]P’ = / X1,dP = / X(w) 14(w) dP(w) = E[X 14].
A Q Q
Hence,
10/25 EX] = /XdP+/ X dP.
A (4
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Supremum TR L
Let A C R be a subset of real numbers
e The supremum of the set A is an element x € R U {400} such that
— xis an upper bound for the set 4, i.e.,
Vy €A, y <«x

— For any arbitrary choice of ¢ > 0, the number x — ¢ is not an upper bound for A
(x is the least among all upper bounds for the set A)
Mathematically,

Ve >0, dy.€A suchthat y. >x—e.
— Notation: x = sup A
Let {xn }nen be a sequence of real numbers.

e The supremum of the sequence {x; }ncn is an element x € R U {£00} such that
— xis an upper bound for the sequence, i.e., x, < xforalln € N
— x s the least among all upper bounds for the sequence, i.e.,

11/25 Ve >0, 3IN.e€N suchthat xy. >x—e.
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42— Tidbits About Supremum SR

e Example: suppose A = (—2, 3), thensupA = 3

e Supremum of a set need not be an element of the set
If supremum of a set belongs to the set, it is called the maximum

e By convention, if A = (), thensupA = —co

e |n the definition of supremum,
for every choice of ¢ > 0 <= for every choice of e € Q, € > 0

This holds true because rational numbers are dense in the set of real numbers

12/25
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Supremum of a Sequence of Random Variables  -=====i=.
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Fix a probability space (2, .7, P)
Let {Xu }nenw = {X1,Xz, ...} be a sequence of random variables w.r.t. .7

Definition (Supremum of Sequence of Random Variables)

The supremum of a sequence of random variables {X1, Xy, ...} is a function X : 2 — R U {£o0} defined as

X(w) = sup Xn(w), we .
n>1
e The supremum of a sequence of random variables is a random variable

e Indeed, foranyx € RU {+o0},

X<xp=[{X<x}

neN

13/25
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Infimum B
Let A C R be a subset of real numbers
e The infimum of the set A is an element x € R U {£00} such that
— xis a lower bound for the set 4, i.e.,
Vy €A, Yy > x

— For any arbitrary choice of € > 0, the number x + ¢ is not a lower bound for A
(x is the greatest among all lower bounds for the set A)
Mathematically,
Ve >0, dy. €A suchthat y. <x+e.

— Notation: x = inf A

Let {x, }nen be a sequence of real numbers.

e The infimum of the sequence {x, }ncn is an element x € R U {400} such that
— x s a lower bound for the sequence, i.e., x, > xforalln € N, and
— xis the greatest among all lower bounds for the sequence, i.e.,

14/25 Ve >0, IN.eN suchthat xy. <x+e.
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Tidbits About Infimum R

Example: suppose A = (-2, 3), theninf A = —2

Infimum of a set need not be an element of the set
If infimum of a set belongs to the set, then it is called the minimum

By convention, if A = (), then inf A = +o0

For any non-empty set A,
infA <supA.

In the definition of infimum,
for every choice of ¢ > 0 = for every choiceof e € Q, ¢ > 0

This holds true because rational numbers are dense in the set of real numbers
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Infimum of a Sequence of Random Variables e

3
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Fix a probability space (92, .7, P)
Let {Xa }new = {X1,Xe, ...} be a sequence of random variables w.r.t. %

Definition (Infimum of a Sequence of Random Variables)
The infimum of a sequence of random variables {X1,Xa, ...} is a function X : Q@ — R U {+o00} defined as

X(w) = inf Xn(w), w e .

e The infimum of a sequence of random variables is a random variable
e Indeed, forany x € R U {%o0},

{X>x} = ﬂ{X,. > x}.

neN

16/25
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Limit Supremum, Limit Infimum, Limit

17/25
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Let {x, }nen be a sequence of real numbers

18/25
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Limit Supremum of a Sequence of Real Numbers

Let {xn }nen be a sequence of real numbers

Limit Supremum of a Sequence of Real Numbers

The limit supremum of the sequence {x; }ren is an element x € R U {00} such that

X = inf sup Xx; Notation: x = lim sup Xp.
n>1 k>n n— oo
e Foreachn € N,let y, = supxx x = inf y,
k>n n>1

o If x = limsup xu, then:
n— oo

1 dn 2o 1|

obas odas e sog pooens
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— For every choice of primary index n € N, there exists a secondary index k > n such that xx > x

(Infinitely many elements of the sequence are > x)
— For every choice of € > 0, there exists an index N. € N such that

xn < x+e¢ Vn> Ne.

18/25 (All but finitely many elements of the sequence are < x + &)
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Limit Supremum of a Sequence of Random Variables ===

Fix a probability space (2, %, P)
Let {Xn}new = {X1,X2, ...} be a collection of random variables w.r.t. .7

Definition (Limit Supremum of a Sequence of Random Variables)

The limit supremum of a sequence of random variables {X1,Xa, ...} isafunctionX : @ — R U {%oc0}
defined as
X(w) = inf sup Xi(w), w e Q.

n>1 g>n
Notation: X = lim sup X,

n—oo

e Exercise: The limit supremum of a sequence of random variables is a random variable

19/25
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Limit Infimum of a Sequence of Real Numbers

Let {x, }nen be a sequence of real numbers

20/25
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Limit Infimum of a Sequence of Real Numbers

Let {xn }nen be a sequence of real numbers

Limit Infimum of a Sequence of Real Numbers

The limit infimum of the sequence {x, }nen is an element x € R U {£o00} such that

X = sup inf xx; Notation: x = liminf x,.
n>1 k>n n— oo
e Foreachn € N,let y, = inf xx X = Supyn
k=>n n>1

e |f x = liminf x,, then:
n—oo

1 dn 2o 1|
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— For every choice of primary index n € N, there exists a secondary index k > n such that x, < x

(Infinitely many elements of the sequence are < x)
— For every choice of € > 0, there exists an index N. € N such that

Xn > X—¢ Vn > Ne.

20/25 (All but finitely many elements of the sequence are > x — ¢)



25 >
w AR arPson
N }At";Esda . ox6bab o388 23 05 Déend

Limit Infimum of a Sequence of Random Variables-======.

Fix a probability space (2, .7, P)
Let {Xn}new = {X1,X2, ...} be a collection of random variables w.r.t. .7

Definition (Limit Infimum of a Sequence of Random Variables)

The limit infimum of a sequence of random variables {X1, X5, ...} is a function X : 2 — R U {£oo} defined
as
X(w) = sup inf Xi(w), w € Q.

n>1 k=n
Notation: X = lim inf X,

n—oo

e Exercise: The limit infimum of a sequence of random variables is a random variable

21/25



& it

A | imit of a Sequence of Real Numbers S,

Let {x, }nen be a sequence of real numbers

22/25
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Limit of a Sequence of Real Numbers e
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Let {xn }nen be a sequence of real numbers

Limit of a Sequence of Real Numbers
We say that x € R U {£o00} is the limit of the sequence {x, }nen if

liminf X, = x = limsup xn.
B=rED n— oo

Equivalently, for every choice of € > 0, there exists an index N. € N such that
|, —x| <e  Vn>N..
Notation: x = limp_, 00 Xn.

e The limit of a sequence, if it exists, is unique

e Not every sequence admits a limit
However, every sequence admits a unique limit supremum and a unique limit infimum

22/85 As before,
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Limit of a Sequence of Random Variables e
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Fix a probability space (2, .7, P)
Let {Xu }nen = {X1,Xa, ...} be a collection of random variables w.r.t. F

e Fixw € , and consider the sequence of real numbers
Xl(w),XQ(w), e

e A limit may or may not exist for the above sequence

Lemma (An Important Set and its Measurability)

The set of all w € 2 for which lim X,(w) exists is a valid event, i.e.,
n—oo

Ajim = {w €Q: lim Xp(w) exists} € Z.

n— oo

23/25
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Monotone Convergence Theorem

Fix a probability space (2, .7, P). Let X, X1, Xo, . . . be nonnegative random variables.

Theorem (Monotone Convergence Theorem)

Suppose that
0<Xj(w) <Xo(w) <--- YweQ

and X, (w) — X(w) pointwise as n — oco. Then

EX] = lim E[X].

n—oo

25/25
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