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Conditional Expectation (over a o-algebra)

Fix a probability space (2, .7, P)
Let X : Q — R be an .%-measurable random variable.

Now let 4 C .% be a sub-c-algebra.

Definition (Conditional Expectation)

A random variable Y is called a conditional expectation of X given ¢, denoted
Y =E[X | ¥9],if:

1. Yis ¥-measurable,

2. X andY are integrable, and

3. foreveryG € ¢4,

/Yd]P’z/XdP.
G G
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For any event A € .%, define the indicator random variable

1, weA
Law) = {0 else

Definition (Conditional Probability)

The conditional probability of A given ¢ is defined as

P(A|9) = E[14 | 9.
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4. Conditional Probability: Characterization TR

Now, define
P(A|9) =E[14 | 9],

where P(A | ¢) is a 9-measurable random variable.

Then, for every G € ¥,

/P(A\%)dP:/lAdIP’:/lglAdP:/lAmGdIF’:}P’(AﬂG).
G G Q Q
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Conditional Probability: Discrete Case e

Let {B; }ic be a partition of €2, i.e.,
[ ] BlﬁBJ:Q)forl?éJ,
* Uier Bi =€

Define
g = U(Bl,BQ,...).
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“'FES - Conditional Probability: Discrete Case (Derlvatlon)”"‘l‘""""‘mm

Suppose Y is a ¥-measurable random variable. For each j, define
¢ = Y(w) forany w € Bj.

Then for w1, ws € Bj, we have Y(w;) = Y(wy), and hence
= Z Ci ]'Bi (w)
i
In particular, any ¢-measurable function has the form >, ¢;15,(w), so

PA|9)(w Zc,lgl

Consider, for any B; € ¢,

5/10 /P(A‘g)d]p: / 1,dP = /lAmBjd]P):P(AﬂBj).
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“'FES - Conditional Probability: Discrete Case (Formula) ERE

From
/ P(A|¥9)dP = /Zc,h,, dIP’:cj/d]P’:cj]P’(Bj),
B; Bj
we get P(ANE)
m .
G = P(Bj)J :P(A|Bj)'
Therefore,
]P)(A|Bl), w € By,
P(A | 9)(w Z]P’A[B 1p(w) = { P(A| By), w € By,
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Let Y be integrable and let ¢ C .% be a sub-o-field.

E[Y | 4] is a 9-measurable random variable such that
/E[Y|g]dP:/YdIP VAe 9.
A A

1. Linearity: for integrable Y;, Y, and scalars a, b,
ElaY; + bYy | 9] =aE[Y; | 9] + bE[Y, | ¥].
2. Pull-out property: if Z is 4-measurable and Y integrable,

E[zY | ¥] = ZE[Y | 9).
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-2~ Properties of Conditional Expectation (2/2) SR

3. Positivity and monotonicity:
— IfY > 0,thenE[Y | 4] > 0.
— If Yl < Y2, then ]E[Yl | {4] < E[Yz ‘ g]

4. Tower property: if 77 C 4 are o-fields and Y is integrable, then
E[E[Y | 9] | #]=E[Y | #].

(almost surely)
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Tower Property (Iterated Conditional Expectation) ===z e
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Statement
For a probability space (2, %, P), let 7 and ¢ be sub-o-fields with 57 C ¢ C .Z.If X is
integrable (i.e., E[|X|] < c0), then

E[EX|¥]| ] =EX|#] as.

letY = E[X | 9], W = E[Y | #],Z == E[X | ).
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Tower Property: Proof Sketch o

By definition of conditional expectation:
* Yis%-measurableand [, YdP = [, XdPforall G € ¢.
e Zis s-measurable and [, ZdP = [, XdPforallH € 7.
e Wis s#-measurable and [, WdP = [, YdPforallH € /7.

Since .77 C ¢, forany H € .7 we also have H € ¢, hence

/Yd]P’:/Xd]P’.
H H

Combining with the defining property of W gives

/WdIP’:/XdIP’.
H H

But Z is the (a.s.-unique) .77’-measurable random variable with this property, therefore
Wire Z as.



