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Kolmogorov 0-1 Law

Let X1,Xo, ... be a sequence of independent random variables.

Statement (Kolmogorov 0-1 law)

Any event A in the tail o-field

o0
G = n U(Xi,Xi+1,Xi+2, N )
i=1
has probability O or 1, i.e., P(A) € {0, 1}.

(Tail event / tail field.)
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A2 Tail o-field: Expansion S
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U(Xi7Xi+17Xi+2a .. ) = O’(Xl,XQ, .. ) ﬁJ(XQ,Xg, .. ) mU(Xg,X4, .. ) n---
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5. |dea (sketch) Behind Kolmogorov 0-1 Law S

Let A be an event.
o If A€ o(Xm,Xmt1,--.), then
AEO'(Xl,XQ,...) = O'(Xm,Xerl,...) QJ(Xl,...,Xm,XmH,...).
e Define the tail field

o0

9> = () oXm. Xmp1,- ).

m=1
e If A € ¥ thenitalso belongsto ¥ = o(X1,Xy,...), hence 9> C 4.
¢ Key point: one can show A is independent of (X1, Xy, X3, . . .).

IfA 1L o(X1,Xg,...)and also A € 0(X1,Xa,...), then
P(ANA) =P(A)P(A) = PA)=PA)?* = PA) c{0,1}.
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A'FES ~ Appendix: Strong Law of Large Numbers (SLLN) EEE

Let X7,Xy, ... bei.i.d. random variables such that E[|X;|] < oc.

Statement (SLLN)

—ZX,—>]EX1

(If not identical, only independent: one may use Kolmogorov’s three-series theorem.)
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“'FES = SLLN as a Tail Event (sketch) SR
Fix any m € N. Then trivially
s ZX -0
Define
pi— {w c0: nlglolo . ZX exists} .
Since finite prefixes do not affect the existence of the limit,

Ajim € ﬂ o(Xi, Xit1,...) foreverym,
i=m+1

hence Aj;p, is a tail event.
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A% SLLN as a Tail Event (continued) SERSE

By Kolmogorov 0-1 law, P(Ajy) € {0, 1}.
Moreover, from the definition of almost sure convergence, one expects

P(Agm) = 1.
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