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Filtration =

Let (2,.7, P) be a probability space.

Definition (Filtration)

A filtration is a sequence of o-algebras
FoCFICFC--CHC

such that
1. each .%#, is a o-algebra,
2. the sequence is increasing: .%, C Fn11.

e 7, represents the set of all events that are known/observable at time n.

e (Remark) A natural filtration generated by a process (X;) is %, = 0(Xo, - . ., Xn)-
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Stochastic Process and Adaptedness

A stochastic process is a collection of random variables

{Xt}tETa

where T is an index set (often interpreted as time).

Definition (Adapted Stochastic Process)

Given a filtration {.%, }, a process {X, } is said to be adapted to {.%, } if, for every n,
X, is Fp-measurable <= X !(B) € .#, VB € #(R).
Intuitively, X, may depend on the past observations (Xo, . .., Xy ), but not on the future.
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Example: Filtration from Coin Tosses e

Consider a sequence of random variables X1, X2, X3 on (2, .%, IP) generated by three coin
tosses.

) = {HHH,HHT,HTH,HTT, THH, THT, TTH, TTT}.
e Attime T = 0O (before observing anything):
Fo =1{0,0}.
e Attime T = 1 (you only observe the first toss):
F1=1{0,9, A, Ar},
where Ay := {HHH,HHT ,HTH,HTT} and A7 := {THH, THT, TTH, TTT}.
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oSS Example: Filtration from Coin Tosses SRR
At time T = 2 (you observe the first two tosses), define the four events

Apg = {HHH,HHT}, Agr = {HTH,HTT}, Ary = {THH,THT}, Arr = {TTH, TTT}.
Then %5 is the o-algebra generated by this partition:

F9 = o(Aun, Anr, ATH, ATT),

i.e., it contains (), €, these four sets, and all unions and complements built from them.

e We can observe that %y C .%; C %y C %3 = 7.
e 7,11 contains (at least) as much information as .%,.
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Let X1,Xs,...be random variables on a probability space (2,.#,P) and let {.#,},>1 be a
sequence of o-fields in .#

The sequence {(Xn,-%n) }n>1 is @ martingale if the following hold for all n:
1. Filtration: %, C %p1.
2. Adaptedness: X, is .%,-measurable.
3. Integrability: E[|X,|] < occ.
4

. Martingale property:
EXnt1 | Zn] =X a.s.

e For a submartingale: E[X,11 | %n] > X; a.s.
5/58 For a supermartingale: E[X; 11 | #] < X, a.s.
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Martingales (Interpretation) SR

3
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e Interpretation: a martingale is a fair game: the conditional expected next value
equals the current value.

e Natural filtration: .7, = (X1, ..., Xy) is the smallest filtration to which (X,) is
adapted.

e One may also allow a larger filtration (more information) than the natural filtration.
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25— Equivalent Integral Formulation R

The martingale property
EXnt1 | Fn] =X

is equivalent (by the defining property of conditional expectation) to the integral identity:

/XanIP’ = /XndIP VA€ F.
A A

(Recall: Y = E[X | ¢] iff Y is ¥-measurable and [, YdP = [, XdPforallG € ¥.)
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Alternative Formulation (Increments) S

Define the gain/increment

An = Xn _Xn_l7 With Al = Xl.

Then

EXni1 —Xn | ] = EXng1 | Fn] — EXn | Zn) = EXng1 | Zn) — Xn = 0.

Interpretation: expected future wealth equals present wealth.
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If {(Xn, %n)} is a martingale, then for every k > n,
Xn = E[Xx | Fl.
Proof idea:

Xp = E[Xni1 | Fn] = E[E[Xn+2 | Fns1] | yn] =EXnt2 | Fn] =+ = E[Xpsx | Fal.
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Constant Expectation it

If {(Xn, )} is a martingale, then E[X,] is constant in n.
Proof: take expectations on both sides of E[X,11 | -Zn] = Xu:

EX,] = E[E[Xn+1 | g?n]] = E[Xny1].
Consequently:

e for submartingales, E[X,+1] > E[X,] (monotone increasing),
<

e for supermartingales, E[X,+1] < E[X,] (monotone decreasing).
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Convex Functions of Martingales (Jensen)

Let {(Xn, #n) }n>1 be a martingale and let ¢ : R — R be convex. Assume ¢ (X,) is
integrable for each n.

The process {(¢(Xn), %n) In>1 is a submartingale:

Elp(Xnt1) | Zn] > 0(Xn) a.s.

11/58



w85 Proof (Conditional Jensen / Tower) SRS

By conditional Jensen’s inequality (for convex ¢ and integrable X;, 1),
Elp(Xnt1) | Zn] > ¢(EXnt1 | Fn))-
Using the martingale property E[X,+1 | -Z,] = Xi a.s., we get
E[pXnt1) | Fn] = ¢(Xn),

hence {©(Xy)} is a submartingale.
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Convex Functions of Submartingales e

Let {(Xn, -%n) }n>1 be a submartingale and let ¢ : R — R be nondecreasing and convex.
Assume ¢ (X,) is integrable for each n.

The process {(¢(Xn), %n) }n>1 is a submartingale:

ElpXant1) | Fn] = 0(Xn) a.s.
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Since {X; } is a submartingale,
EXnt1 | Fn] > Xn a.s.
and because ¢ is nondecreasing,
P(EXni1 | Zal) 2> o(Xn)  as.
By conditional Jensen’s inequality,
Elp(Xns1) | Fnl = ¢(EXns1 | Fn)).
Combining gives E[o(Xnt1) | Fn] > ¢(Xn) a.s.

Note: if  is decreasing (e.g. ¢(x) = —x), then a submartingale can become a
supermartingale.
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Let X3, Xy, . . . be integrable random variables and let .%,, := o (X1, ..., X;,) be the natural
filtration.

Fix any integrable random variable Y (often Y = f(Xj, ..., Xy) for some N).

Definition (Doob’s martingale)

Define
M, = E[Y | %], n>1.

Then {(My, %n) }n>1 is a martingale.

15/58
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Doob’s Martingale: Proof (Tower Property)

Let M, == E[Y | Z).
e Adaptedness: M, is .%,-measurable by definition.
e Integrability: E[|M,|] < E[|Y|] < co.
e Martingale property: forn > 1,

E[Mpi1 | Fn] =E [ Y | Fnsal |=/]

[ | MTU
where the middle equality is the tower property since .7, C %,
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Stopping Time

LetT:Q — {1,2,3,...} U{oc} be arandom time.

Definition (Stopping time)

We say 7 is a stopping time with respect to a filtration {.%, } if
{r =k} € % for each finite k.
Equivalently (discrete-time),

{r <k} € % for each finite k.
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Stopping Time: Equivalent Characterizations (1/2) ===

"
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Claim (discrete-time):
{r=k} e FVk <— {r<n}e.%Vn

Proof: assume {7 = k} € .% for all k. Then for any n,

n

{r<n}=|J{r=Kk} 7,

k=1

since .7, C %, fork < n.

18/58
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Stopping Time: Equivalent Characterizations (2/2) ===
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Proof (converse): assume {7 < n} € .%, for all n. Then

{r=n}={r<n}\{r<n-1} € %,

Remark: in continuous-time, the two definitions require additional care.

19/58



A% Example: Stopping Time (Hitting Time) R

Let , = 0(Xy,...,Xn) and fix a threshold a € R. Define the (first) hitting time
Ti=inf{n>1:X, >a} €{1,2,...} U{oo}.
Foranyk > 1,
{r=k}={X1<a,....Xx_1 <a, Xx > a} € F.

Hence 7 is a stopping time.

Remark: this is also called a hitting time.
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Let 7 be a stopping time w.r.t. { %, }.

Definition (o-algebra at time 7)

Fr={ACQ:AN{r <k} € F forallk > 1}.

Intuition: events in .7, are those whose occurrence can be decided using information
available up to the random time .
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Consider three coin tosses with
Q = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}.
Define X, (w) as the result of the nth toss (H or T), and the natural filtration
Fo=10,Q}, F1=0X1), Fo=0X1,X2), F3=0(X1,Xp,X3)=2"%
Define the stopping time “first head (or 3 if no head)” by

1, Xi(w)=H,
T(w) =42, X3(w) =T, Xo(w)
3, Xl(w) = T, Xz(w)

H,
T
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Verifying 7 and Computing .7 SRS
For example,

{T§2}:{X1 :H}U{Xl =T,Xy :H} Eyz,
hence T is a stopping time.

The values of 7 partition € into

H:= {HHH,HHT,HTH,HTT} (7 = 1),
TH := {THH,THT} (7 =2),
TT := {TTH,TTT} (7 = 3).

Therefore,

23/58
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Let {X,} be a stochastic process and T a stopping time.

Definition (Stopped process)

The stopped process is
Xy = Xnar, n>1.

Interpretation: once the time 7 occurs, the process is "frozen” at X.

24/58
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Let {(Xn, -%n) }n>1 be a martingale and let 7 be a stopping time. Define the stopped

process
x Xn, T2,
Xn = nar —

X;, T<n

The process {(X:, %) }n>1 is @ martingale.

25/58



A7 Proof: Integrability of Stopped Martingale T

For any n,

BIxl = [ wlae= [ pglaps [ pgla
Q {r<n} {r>n}

Since {7 <n} = U}_ {r =k},

n—1 n—1
X =3 / X[ dP + / X,/ dP < S B[] + E[Xa]] < 0.
= =1y {r=n) —
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Proof: Adaptedness of Stopped Martingale S

Fixnand B € Z(R). Then

n—1

(X: € B} = (U({T:k}m{xk € B})) U ({7 >n}N{X, € B}).

k=1

Here {r =k} € % C Fp, {Xx € B} € %, C Fp,and {7 >n} ={r <n—-1}°€ .,
hence {X;; € B} € .Z,.

27/58



w8555 Proof: Martingale Property SR

Let A € F,. We show [, X» | dP = [, X dP.
Using X;’; = an{TZn} +X7'1{T<n} and X:;—f—l = Xn+11{7'>n} +X7'1{7'§n}!

/x;;dP:/ XndIP’Jr/ X, dP,
A An{r>n} An{r<n}

/X;:HdIP’:/ Xn+1d]P’+/ X dP.
A An{r>n} An{r<n}

28/58
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Note that AN {7 > n} € .%, because A € .7, and {1 > n} = {T <n}° € .Z,.

Since {X, } is a martingale,

/ Xn+1 d]P) - / Xn d]P)
An{r>n} An{r>n}

29/58
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Proof: Martingale Property e

Decompose AN {7 >n} = (AN{r >n})U(AN{r =n})and
An{r<n}=An{r<n}hU@AN{r=n}).

Plugging these into the expressions for fA X and fA X5, 1 shows the X;-terms match, and
with fAm{T>n} Xy 1 dP = fAm{T>n} X, dP we get

/X;,‘HdIP’ - /x;; dP VA€ Zp
A A

Therefore E[X;;, | | #n] = X ass.
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Optional Sampling Theorem (Discrete-Time)

Let {(Xk, %) }r_o be a submartingale and let 71, 75 be stopping times satisfying

1< <m<n

Statement

The sampled process is again a submartingale (with respect to .7, .%,,):

EX;, | -] > X, a.s.

[Xaap> [ x,ap.
A A

Equivalently, for every A € %, ,

31/58
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Proof Idea (Increments) T

Define increments Ay := Xy — Xy_1 for k > 1. Then

n
X, — X, = Z 1 ck<n) Ok
k=1

Let A € .%,,. Integrating and using linearity,

n

/ (X, — X,,) dP = / Ay dP.
A k=1 AO{T1<k§T2}

32/58
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For each fixed k, the set
By =ANn{mn <k <7}

belongs to .%;_ (hence to .%},):

e An{r <k— 1} € % by definition of .7,

o {1y >k} ={m <k—1}°€ F_1since 1y is a stopping time.
Hence By € F_1.
Since {X} is a submartingale, for any B € .%,_1 we have
[z AxdP = [,(Xi — Xx—1)dP > 0. Therefore each term ka Ay dP > 0, and summing

yields
/ X,,dP > / X,, dP.
A A

This proves E[X., | %, ] > X;, ass.
33/58
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Doob’s Upcrossing Lemma: Upcrossings

Let [, 5] be an interval with « < 3, and let Xy, . . ., X, be random variables.
Upcrossing times of [, f]
Define the sequence (7% )x>1 by

7 =inf{l1<j<n:X;<a}An,

and fork > 2,
inf{ry_1 <j<n:X;>pB} An, keven,
Tk ==
A inf{r_1 <j<n:X;<a}An, kodd.

The number of upcrossings of [a, 5] by X1, ..., X, is
34/58 U= max{i Xy, Sfa< b < Xm}-
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Upcrossings: lllustration (Process Xj)

Define
Xk
A Yy = max{0, Xy—a},
/\v/\\ / [s
VN S\
1 T T3 T4 Ts5 76 K

35/58
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-8 Upcrossings: lllustration (Process Yy) =
Recall
Yy
N Y = Xx—a)t = max{0,X,—a},
AN N
A4
%; T2 T3 %4 7% ;; k

36/58
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A% Upcrossings After Transformation (1/2) S

Recall Yy = (Xx — @)t = max{0,Xy —a}and§ = 5 — a.

Transformed upcrossing times of [0, ] for (Yy)
Define
1 = inf{j : ¥; = 0} An,

and fork > 2,

inf{j : ¥ >0, 71 <j<n}An, keven,
inf{j:Y; =0, 7e_1 <j<n}An, kodd.

Then the upcrossings of [«, 5] by (Xx) correspond to upcrossings of [0, 8] by (Yy).

Moreover, (Yy) is a submartingale whenever (X;) is a submartingale, since x — (x — o)™
¥ ?8ndecreasing and convex.
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Upcrossings After Transformation (2/2)

Consider

Y, Y, =Y, Y )+ Y, =Y, + -+ (Y, —

Define the even- and odd-indexed sums

Ye = (er - YT1) + (YT4 - YTa) += Z (YTk -

k>2
k even

and

2o = (YT3 - YTQ) + (st - YT4) +- = Z (Yrk -

k>3
k odd

Note that Y, =Y, and Y, = 0O, hence

Yn == Ee + 20.
38/58
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Applying expectation to (1) gives
E[Y,] = E[%.] + E[So).
Even though ¥, = ) k>3 (Y5, — Y;,_,) can contain negative increments, by optional
sampling (applied to t)ﬁgdgubmartingale (Yx)) we have
E[>.] > 0, E[¥,] > 0.
Hence
E[Y,] > E[X].
Each upcrossing of [0, 8] contributes at least 6 to >, and there are U such upcrossings, so
Ye>US.

39/58
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Upcrossing Bound via Expectations (2/3)

Since Y, = (X, — )™,
Yo(w) = Xn(w) — @) Lix, 50} ().
Taking expectations (step by step):

Mm:Anm

— /S‘](Xn - Oé) 1{X,.>a} d]P)

= / (Xp — ) dP
{Xn>a}

< / (1Xa| + |a]) dP
{Xn>a}

40/58
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&7 Upcrossing Bound via Expectations (3/3) R

From (2) and (3) (with 6 = 8 — «),
(B — ) E[U] < E[|Xn|] + |,

hence

E[[Xn|] + |e|
B[] < =T

41/58
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Fatou’s Lemma

Let (Yn)n>1 be a sequence of nonnegative random variables. Then

E[lim inf Y,] < lim inf E[Yy].

n—oo n—oo

42/58
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Martingale Convergence Theorem LI

Theorem (Martingale Convergence Theorem)

Let {X, }n>1 be a submartingale. If

- AIFES —

K = sup E[|Xp|] < o0
n>1

then X;, — X with probability 1 for some random variable X, and
E[X]] < X.

Idea: upcrossings measure oscillations; if a sequence converges, it cannot keep crossing
the same interval infinitely many times.
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Proof Sketch via Upcrossings

Given {X, } is a submartingale, assume

K = sup E[|X,|] < 0.
n>1

Fix an interval [, 8] with a < 3, and define

Uy, := number of upcrossings of [a, 5] by X, . ..

From the upcrossing bound,

i < Pl o
From (1) and (2), «
_|_
(U] <

44/58
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The sequence {U, },>1 is nonnegative and nondecreasing (it counts the oscillation
intensity):
0<U;(w) <Us(w) <Us(w) <--- Yw e .
Define
U(w) := lim Up(w) = sup Up(w).

n—oo HZ 1

By the Monotone Convergence Theorem,

E[U] = lim E[Uy]. (4)
Using (3),
| K+ |of K+ |of
E[Un]_ﬁ_a = E[U]gﬁ_a (5)

45/58
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Limsup, Liminf, and Oscillation el
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Now let’s define
X* == lim sup Xp, X, = liminf X;,,.

m—»co m—o0

e If X, < X*, then the sequence oscillates.
o If X, = X*, then it converges.

If
Xi(w) < a < f <X (w),

then there are infinitely many upcrossings.
Consider X, (w) < c. By definition of lim inf,

Ve >0, dN,. € Nsuchthat Xy > X, — ¢ Vk > N..
gggglderx (w) > B. By definition of lim sup,

Y < N OAT ~ NI mivvmlh bl vV VX O\, ~ AT
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Density of Rationals and Convergence T T

This says that there are infinitely many indices with X, > 3. No matter how far we go, the
sequence will go above .

Now, we have shown that the number of upcrossings is finite (from the upcrossing
bound), hence

P(X. <a < <X")=0.

From the density of rationals: if for some real numbers we have X, (w) < X*(w), then
there exist rational numbers «, 3 such that

Xi(w) <a<p <X (w).
Hence

X.<x}= | X <a<p<x.

a,feQ
47/58 a<p
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Countable Union Argument R

Since this is a countable union and each event has probability zero,

PX, <X*) < Z PX, <a<pf<X")=0.

a7/B€Q
a<f

Therefore P(X, < X*) =0, i.e.
X, =X" as.

48/58
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w2552 Defining the Limit and Applying Fatou -
Define
X := lim X,.
n—oo

Apply Fatou’s lemma with Y, := |X,|:

E[X|) = E[ lim [X,[] = E[liminf [X,] < liminf E[1X,]) < K.

49/58
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Summary of the Argument T

K < 0o = (Up)isbounded = U < coa.s. == no infinite oscillations — X, — X.

50/58
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Doob’s Decomposition

Theorem (Doob’s decomposition)

Fix a probability space (€2,.%, P). If {X, }n>0 is a submartingale with respect to (.-%,)n>0,
then there exist unique processes (M;)n>0 and (Ap)n>0 such that

Xn:Mn+An anO,

where
e (Mj,) is a martingale with respect to (%),
e (A,) is a predictable and increasing process:

Ay =0, A, is %,_1-measurable, A, —A,_1>0as.

51/58
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Doob’s Decomposition (Idea) N
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Doob’s decomposition separates a submartingale into:
e a fair game component (M) with no predictable gain,

e adrift component (A,) that represents the accumulated conditional expected
increase.

52/58
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Doob’s Decomposition: Constructing A, R
Fork > 1,
EXk = Xk—1 | Fi—1] = EXy | Fp—1] — X1
Since (Xp) is a submartingale,
E[Xk | ﬁk,ﬂ >Xk1 = E{Xk — Xx—1 | <kafl] > 0.
Define

n
An = EX— X1 | Fra:
k=1
Then
Ay —Ap1 = E[Xn —Xn1 ‘ ynfl] > 0.

Hence (4,) is increasing, and 4, is .%,_1-measurable, i.e., (4,) is predictable.

53/58
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Now we need to show that (M,) is adapted and integrable.
Since X, is .%#,-measurable and A,, is .%,_1-measurable (hence .%,-measurable), define

M, =X, — A,

Then M,, is .%,-measurable.

54/58
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Doob’s Decomposition: M, is a Martingale I
We need to show that (M, ) is a martingale. Taking conditional expectation in the
definition M,, = X;, — A, gives
EMy | Fn-1] = EXp — An | Fn-1] = E[Xn | Fn-1] — E[An | Fn-1].
From the construction,
Ap =An 1 +EXp — Xno1 | Fnoi).
Since A,_1 is .%,,_1-measurable,
E[An | Zn_1] = Anc1 + EXn — X1 | P
Therefore,
EM, | Fn1] =EXy | Fn1] — A1 —EXy —Xn-1 | Fno1] =Xn-1 — An1 = Mp_1.

55/58
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Suppose we have two decompositions

Xp =M, +A, =M + A,
where (M,), (M},) are martingales and (4,), (A},) are predictable and increasing with
A=A =0.
Subtracting consecutive terms,
Xn —Xp—1 = (M;l - ;171) + (A;z - ;171)~

Taking conditional expectation with respect to .%,_1 yields

EXp —Xn1 | Fn1] = E[Mr/l _M:l—l | Fna] + E[A;'l - :1—1 | Fnl.

56/58
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Doob’s Decomposition: Uniqueness (cont.) e,

Since (M;,) is a martingale, the first term is 0. Also, A}, — A],_; is .%,_1-measurable, so
E[Ay — Ay | Fna] = Ay — Ay

Hence

E[Xn —Xn,1 | ﬁn,ﬂ A/ n 1 a.s.
By the same argument using X;, = M,, + A,, we also have

E[Xn —Xn,1 | ﬁ\n,ﬂ = An — An,1 a.s.

Therefore
Ay —Ap1=A—A | asforalln>1.

57/58
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Define D,, := A, — A),. Then
Dy—Dyp1=(An—Ap_1)— (A, —A,_)=0 as.

n—1

so D, = Dg a.s. for all n. Since Dy = Ag — A = 0, we get A, = A}, a.s. Consequently
M, =X, — Ap = Xp — A = M/ ass.
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