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Brownian motion

Definition (Brownian motion / Wiener process)

A process {W; : t > 0} on a probability space (£2, .#,P) is called a Brownian motion if:
(i) P(Wo =0) = 1.
(ii) Independent increments: if 0 =t < t; < --- < ty, then for any Borel sets
Hy,..., Hy,

k
]P’(Wti — W, , €Hfori=1,... ,k) = [[ 2w, — w,,_, < Hy).
i=1
(i) Gaussian increments: for 0 <s <t, W, — Wy ~ N (0,t — s).
(iv) Continuous paths: for almost every w, the map t — W(t,w) is continuous.
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Brownian motion: notes e,

Gaussian increment distribution: for 0 < s < t and a Borel set H C R,

P(W, — W, € H) =

T e () @

Note: if 0 < t1 < --- < ty, then the joint density of (W, Wy, — Wy, ..., Wy, — Wy ;)
is the product of the corresponding normal densities.
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Filtration associated with Brownian motion R

Note:
1. Brownian motion is continuous.

2. Brownian motion is nowhere differentiable.

Filtration:
1. For0 <s<t, %, C %.
2. W(t) must be adapted to the filtration.
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Brownian motion is a martingale SR

Let #: = o(W; :s <t). Thenforanys < t,

E[Wt ‘ g\s] - WS‘

Proof sketch:
E[W, | Z| = E[W,—W+W; | F| = E[W,—W; | Z|+E[W; | Z| = E[W—W,|+ W, = W,

since W, — W is independent of .%¢ and has mean O.
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Stationary increments

Statement
The increments of Brownian motion are stationary; for 0 < s < t,
d
Wr - Ws = Wt—s - WO.
Proof sketch: since Wy = 0 and W, — Wy ~ N (0,t — s), we have

Wis — Wo = Wi_s ~ N(0,t —s),

hence W; — W 4 Wi_s — Wo.
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Expectation and variance T

Consider 0 < s < tand W, = (W, — W) + W,.
W W, = W(W, — Wy) + W2
E[W,W,] = E[Ws(W, — Wy)] + E[W?]

E[W,;W,| = E[W,] E[W, — W] + E[W?]
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We know that

If t < sthen hen

7/36

E[W,] =0
E[W; — W] = 0
- E[W|E[W, — W] =0

E[W,W,| = E[W?] = var(W,) =t
. E[WW¢] = min(s, t) = cov(W, W;)

1 n e
6B iodas dens g o
et

Indian nsttute of echnology ydersbad



4
PR .-

Markov Property ot
Consider {W; : t > 0} on a probability space (£2,.#, P) is Brownian motion.

fortg >0
P(Wtﬁo | gto) = IP>(Wt+lfo | Wto) :

To know W¢,,, all we need the current Wy,. The entire history adds no information.

W = Wiyie — Wy
Weprr = Wi, + Wy
W{ ~ N(0,t)
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1. (Wi,,..., W, ) isindependent of .Z:
Fro =0 (W 18 < tg)
consider
0<s1<--- <5< 1o and 0<t1 < <ty
and u; = tg + t;.
Now
/ / / / / o
(th, W WL, .., W - Wtk_1> = (Way — Wy o, Wy — W ). (1)
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Finite Dimensional Distributions

Finite Dimensional Distributions
Consider (X¢)ter T=1[0,1 (orR)

ie, Xe(w)orX(t,w),weQ andteT
fix an outcome w,
X(hw): T—R

For an outcome, it is a function in space RT.
For all outcomes, functions of functions
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Joint probability law of random variables

Joint probability law of random variables

Fix a probability space (2, %, P).

Given X1,Xo, . .., X, defined with respect to .%#, their joint probability law is the
probability measure
Px,,.x, : BR") = [0,1]

defined as

Px,...x,(B) = IP’({w €Q: (X)), ..., Xa(w)) € B}), B € B(RY).
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Finite-dimensional distributions (continued) S

3
. L .

To define stochastic process usually describe in terms of distributions.

Consider
1. k-tuple (t1,to, ..., tx) of distinct elements of T.
2. random vector (X, ..., X, ) has over Rk some measure ey ooty

[ty ...t (B) = P({w € Q : (X (W), ..., Xe,(w)) € BY}), B € B(RK).

= Px,,..x, (B).

The collection of probability measures yt, ¢, ... ¢, (or Ple,.--,er) are the Finite dimensional
distributions of the stochastic process [X; : t € T].
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FDD implies 2 properties ot

The FDD implies 2 properties

1. Suppose B= By x By x --- x By (B; € B(R!))
consider a permutation 7 of (1,2, ..., k)

Nt],...,tk (Bl X B2 X X Bk) = :utﬂ.u),...,tﬂ.(k) (BTr(l) X B7T(2) X X BTI'(k))

2. The second consistency condition is

[ty te 1 (B1 X By X -+ X Bx_1) = piey,i 1,60 (B1 X B X -+ - x Brog x RY).
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Explanation:
Hot ettt (Bl X By X -+ X Bg_1 X RI)

=P(X;, € B1,....Xe, , € Bi_1, Xy, €R).

We know that
P(Y € B) =P({w € Q:Y(w) € B}).

k—1
fiey,...5 (B1xBa X+ - - x By xR1) = P(ﬂ{w €Q:X,(w) € Bi}>ﬂ{w € Q: X (w) € R}
i=1
=P(X;, € B1,X;, € By, ..., Xy, € B1) = iy, o (B1 X By X - -+ X Br_q).
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Kolmogorov's Existence Theorem T T
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Kolmogorov’s Existence Theorem

If e, ...t are a system of distributions satisfying the consistency conditions, then there
exists on some probability space (€2, %, P) a stochastic process [X; : t € T] having the
;... as its finite dimensional distributions.
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Existence of Brownian motion T T

Existence of Brownian motion:

Let ji¢, ..., be the distribution on (S, ..., Sk)

i
where §;=>"X; and Xi~N(0,6i—t; 1) VE>2, X3 ~N(0,ty).
j=1
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Permutation consistency T

Permutation consistency:

ptr,...t, = P(S1 € B1,89 € By, ..., 8k € By), B; € B(R).

- P(h{w €Q:S e Bi}>.

i=1

Consider a permutation 7
[t 1)ty = P(Se(1) € Br(1) -+ 5 Sx(i) € Brii)-

k
17736 — TP’(m{w cO-S ... c B../,-\]r\.
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4. Permutation Consistency Cont. T

Since 7 is a permutation, asj runs 1 to k, i = 7(j) also runs from 1 to k.

/‘I’tlv-"vtk = lu't‘rr(l)V"vtr(k)'
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Marginalization consistency T T
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Marginalization consistency: Consider a function g
g(X17X27 s ,Xk) = (Xlu s Xie 1 Xib 1y - - 7Xk)‘
" g(Sl,SQ,...,Sk) 22(Sl,...,Sp_1,3p+1,...,sk)
Without loss of generality

Mty i1 tii1,...,n Nas distribution for §1,..., 81, 8it1,.. ., Sk
So

[ty tirtiprnote = P(S1 € B1, ..., Sic1 € Bi_1,Si41 € Biy1,..., Sk € By).
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[y, =P(S1 €B1,...,Si€R, ..., 8 € By).

Mth...,tk - Mtl,...,ti_l,ti_'.l,...,tk'

.. Aprocess [W; : t > 0] considering W, =0att =10
exists a some (2, .7, P).
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Markov property o

Consider {W; : t > 0} on a probability space (£2,.%, P) is Brownian motion.
Forty > 0,
P(Wetey | Fro) = P(Wegey | W) -
To know Wy, 4, all we need the current Wy,. The entire history adds no information.

Define
Wé = Wt0+t — Wto‘

Wi ~ N(0,t).
1. (Wi, ..., W) isindependent of F:
F, =0(Ws:s<tp).
21/36Consider0 <51 <o <sj<tgand0 <ty < - <ty and u; = to + ¢
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“'FES - Markov property (cont.) SR
and also
WS17 WS2 - W517 WS3 - WS27 oy WSj - Wijl‘ (2)
From (??), the intervals
[s1,82], ..., [sj—1, 8] end before to,
and
[to,u1], ..., [Uk—1, ux start at or after to.

So, the above are all disjoint intervals; hence, from the above properties, the increments
over disjoint intervals are independent, i.e.,

(W, W) L (Wyy,..., Wy),

Fo e
and therefore

(W, W) L T,
22/36
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Markov property (cont.) T

Consider, for B € B(R),
P(Wto+t €B | yto) = E[I{Wt0+reB} | tgzto:| = E[I{WtO+W{eB} | j\to :
Here Wy, is .Z;,-measurable and W] is independent of .%;,. Hence,

E[I{Wto-i-W{EB} | gto} = @(Wfo)’

for some (Borel) function ¢.
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Markov property (cont.) T

Now consider
E L weeny | 0Wa)| = E[ 1w, cwreny | 0(We)|

Since o(Wy,) C F, and W] is independent of o (W, ), we again get o(Wy,).

Therefore,
E[ 1w, s wieny | o(Wey)| = o(Wey).

o P(Wy, + Wi € B| Fyy) =P(Wy, + W, € B| a(Wy,)),

and hence
oo P(Wioyr € B| Fiy) = P(Weie € B 0(Wy)) .
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Markov property (cont.) T

The other way: consider
P(Weott € B| Fry) = P(Wey + (Wegre — W) € B[ Fy)

Since 0(Wy,) C F¢, and (Wy,4e — Wy,) = W/ is independent of .%;, (hence independent
of O'(Wto)),

o P(Wite € B| Fyy) = P(Wypie € Bl 0(Wy,)) -
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Strong Markov Property TR

Consider 7 is a stopping time and also

W; (w) = WT(w)-l-t(w) - WT(w) (W), t>0.
Consider 7 has countable range V, i.e., V C [0, c0).
Let ty be some general point of V.

Fr={Mec.F Mn{w:7(w) <t} €%, Vt>0}.

Consider

{w: W{(w) € B} = U {w: Weytt(w) — Wy (w) € B, 7(w) = to}.
to€V

Now A € .%,.
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-2 Strong Markov Property (cont.) =
Now A € ...

P({(W;,,....,W;) € BYnA) =Y P({(W;,,...,W;) € BynAN{r =to})

tocV
=Y P({(W;,....W;) € B}) PAN{r =1t0})
tocV
=P({(W;,,....W;) € B}) S P(AN{r =to})

toeV

=P({(W;,...,W;) € B}) P(4).
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8552 Strong Markov Property (cont.) SR

The above holds for 7 having countable range. Now for any general 7, consider
k-27" if(k—1)2"<7<k-27" k=12,...,
Tn =
"o 7=0.

This is dyadic approximation which is used to approximate real numbers using dyadic
rationals, where a number x is approximated by finding an integer k such that

k k1
n =X o
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Strong Markov Property (cont.) R
At 7 (w) = k - 27" we know that

and

T(w)>(k—-1)27" = 71(w)+27">k-27"
Therefore

L T(w) < mw) < T(w)+ 27
Hence, asn — oo,

Th(w) — 7(w).
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8552 Strong Markov Property (cont.) SR
Tn is a stopping time: if k- 27" <t < (k+ 1) - 27" then

{m<t}={r7<k-27"} € Fy9-n C F.
Suppose A € Zrandk-27" <t < (k+1)-2"then

An{m <t} =AN{r <k-27"} € P9 C F.
Hence all such A’s liein .7, i.e.,

Ac ¥ — AcZ,.
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Strong Markov Property (cont.) it

As 1, (w) — 7(w) and Brownian paths are continuous,

W™ (w) — W ().
Therefore,

]P’({(Wfl("), oWy e By mA) —P({(W;,,...,W;) € B} N 4)

=P({(W;,....,W;) € B}) P(A).

(Wi W) L

31/36 S PWrypr €B| %) =P(W, 1 € B|W,).
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Reflection principle ot
Reflection principle: (W;):>¢ is a Brownian motion on ({2, .7, P).

Let 7 be the stopping time and define the reflected process W' by

W//: Wt7 tSTa
LW (We—Wo), >

W' is Brownian motion.

The sample path for {W/ : t > 0} is the same as the sample path for {W; : t > 0} up to
7. After that, it is reflected through the point W...
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Reflection principle T
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Consider 7 has some countable range V.

Consider two times s, t for {7 = to}.
Case1:s <t <ty
W =W, W' =W
w'Lw,  w'iw.
Case2:s <ty <t
W' =W,  W'=2W, - W.

Consider
Wt - Wto + (Wt - Wto)'

Wt—WtONN(O7t—tO)
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Reflection Principle ot

and Gaussian increments are symmetric, so

d
Wt — Wto - (Wr_— - Wto) — Wél

Hence g g
1 A
W, = Wy, W, =Wy

Case3:tg <s<t
Wg’ = 2W;, — W, Wé’ =2Wy — W

By the same argument in Case 2,

w,Ew!,  w.Ew

d
s (W W) = (W, W),
34/36
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Reflection principle: distribution of the maximum e,
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Now consider,
7 = inf{s: Wy > x},

the first time Wy hits x and consider

M; = sup W;.
s<t

M, is the highest point that Brownian paths reaches before time t.

M; > x < ds € [0,t] such that W, > x.

The path reaches x before time t and 7 is the first time path reaches level x.

If the path ever exceed x then the path must hit x before time t.
35/36 P(M; > x) =P(r <t).
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Reflection principle: distribution of the maximum ===
P(MtZX) :]P’(TSL', WtSX)+P(T§t, Wtzx)
=P(r<t, W >x)+P(r <t, W >x) (by reflection principle)

since
1

- V21 Jx/ i

e /2 qy.

—u*/2 qy.

2 /OO
= — e
= ) \/i;; x/V@
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