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Riemann Integral T

Consider f : [a, b] — R, a bounded and continuous function,
and I, is a partition of [a, b] where

A=ty <t]<tg<---<th=D>b

ITTall = e (5 — ti-1)

f is said to be Riemann integrable if

/ FOde= i 316~ o)

7; is the evaluation point in the interval [t;_1, ti].

1/73 / f(¢t) dt exists as the limit exists as the mesh approaches zero
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Riemann-Stieltjes Integral R

Consider f : [a,b] — Randg: [a,b] — R.
fis bounded and g is a monotonically increasing function and I, is a partition of [a, b]
where

a=ty<t1 <ty <---<th=0>

I, || = max (t; — ti—1) (|[II,]| is called the mesh)

1<i<n

The function f with respect to g is said to be Riemann-Stieltjes integrable.

b
| rwago = 1im Zf - g(t1)

71 is the evaluation point in the interval [ti_l, t,-].

2/73
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b
/ f(t)dg(t) exists as the limit exists as the mesh approaches zero
a

For g(t) = t, the Riemann-Stieltjes integral becomes the Riemann integral.

3/73
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Note e

Note:

1. A bounded function f is Riemann integrable if and only if it is continuous almost
everywhere with respect to the Lebesgue measure.

i.e. the set of points where f is discontinuous has a Lebesgue measure O.

2. A bounded function f is Riemann-Stieltjes integrable if and only if the set of points
where f is discontinuous must have a measure of zero induced by g.

4/73
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Mean Value Theorem ey

A function f(t) is continuous on [a, b] and differentiable on (a, b); there exists at least one
number c such that

f’(c)zia fora<ec<b

F(G+1) = f(6)

- fl(m) =
! tr1 — G

for & < 75 < 11

5/73



@) M

A'FES - Total Variation / First-Order Variation SR
Consider f(t), a function defined on the interval,
f:00,T] —» R.

I1,, is a partition of [0, T] where
O=tr<ti1i<tag<---<tp=T

IL,|| = —ti_
[T = max (ti—ti_1)
The total variation is defined as
FVr(f) = ‘H m Z f(tiv1) — f(t)]

6/73
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“'FES - Total Variation / First-Order Variation (cont.) e

It is a measure of the total oscillation a function undergoes over the interval [0, T}.
If the function f has continuous derivativef’(t) from mean value theorem,

FVr(f) = lim Z If (tix1) ti)]

([T | —

HH,.||—>OZ }f Tl t1+1 )

= lim Z}f 7'1 (tip1 —ti)

HIIHH—*O

T
FV2(f) = /0 7(0)| de

7/73
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Quadratic Variation T
Consider f(t), a function defined on the interval,
f:00,T] —» R.

I1,, is a partition of [0, T] where
O=tr<ti1i<tag<---<tp=T

ITLL || = g%(fi —ti-1)

The quadratic variation is defined as

n—1

AT = tim S (Fti) — f(1)°

I —0 &

8/73
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“'FES - Quadratic Variation (continuous derivative) S

Suppose the function f has a continuous derivative, then

n—1

Z(f(fl—i-l Z ‘f Tl t,_;,_l )2

i=0

< |, IIZ\f )|* (tis1 — 1)

F.AI(T) < lim [|TI, ||Z\f ()| (i1 — 1)

([TTn]|—0

= lim [[I,] lim ()| (i1 —t
[TTali— | H [TTli— Z} i l+ 1)

9/73
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Quadratic Variation (continuous derivative cont. e,

. AIFES o

FADFAT) = lim ||nu/ 7(0)] de

[T —0

If f'(t) is continuous then fOT f'(£)] dt is finite

AT =

10/73
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Note e

Note:

Not only continuously differentiable functions; there are also other classes of functions
that are Riemann integrable with bounded variation and zero quadratic variation.
Examples: continuous monotone functions, Lipschitz continuous functions, etc.

Result: If quadratic variation of a real function over an interval is positive, then the total
variation of the function over the interval is infinite (not vice versa)
This we will see while discussing Total Variation of Brownian Motion

11/73
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Quadratic Variation of Brownian Motion

Consider a probability space (£2, F, P), and { W; }+>¢ is a Brownian motion.
I, is a partition of [0, T| wheretp =0 < t; < --- < t, = T.

Definition (Sample Quadratic Variation)

The sample quadratic variation of brownian motion is given as

n—1
2
Qn, = Z(Wfiﬂ(w) - Wff(w)) we N
i=0
Qr1, are sequence of RV.
L2 a.s

OQm, — T and Qum, — T

12/73
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...A¥ . Expectation of Qr, T

Proof: (i) L2 convergence:

[y

1

=E [nz_:(wfi+1 - Wfi)2]

n

ng

E [(Wti+l - Wfi)Z]

i=0
n—1 n-1
=> var[(We,, — Wy)| = Z(fiﬂ —t)
i=0 i=0
E[Qm,] = T|(1)

13/73
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MBS Variance of QH,,

n—1

var(Qyy,) = var <Z(Wti+l — W,,)?

i=0

= var ((Wt,-+1 — Wt,.)z)

14/73
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15/73

et 1
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R

Bounding Variance of Qi oy

tute of echnology Hyderabad

E [(OH,, - E[an])z} = var(Qry, )

LE[On - T =2) (6 —6)?

I
—

=~
[
= O

Ing

Il
o

2> (tip1 —ti)(tip1 — &)

7
L

<2 |y|(tir1 — &)

1

n—1
= 2T | Y (b1 — 1)
i=0
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L? Convergence of Qqy, Y

" |E[(Qu, — T)?] < 2||T|| T((3)

S R[04, —20m, T+ T?] < 2||IL,|| T,
E[Qf,] < 2||Tla|| T + 2 E[Qn,] T — T2
< 2||TL,|| T + T?
< C (some constant) < +oco
EQ4] <+cc  E[Qn,] < +oo

. B 21 . o 2
lim B{(0n, - 7)) = limEl(0n, - 1))

—0  (n— oo if I — 0)



/P °
@) [

Quadratic Variation of Brownian Motion (cont.) =55

(ii) Almost sure convergence:
fore >0
P(|Qm, — T| > ) = P ((Qm, — T)* > &?)
E [(Qu, — T)*]
22
_ 2|17

(. Chebyshev inequality)

2
£
For > o2, P(|Qm, — T| > €) < +00, need to show

20,7

oo
5 ie, Z ||IT,, || must be finite
€

n=1

17/73
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Quadratic Variation of Brownian Motion (cont.) ===t

3
P L

Consider dyadic approximation

T
ITtall = o

[eS) 00
T
> =" o
n=1 n=1
< 0

Y P(Qn, — T| > ¢) < o0

n=1

L Qm, =T (" Borel Cantelli Lemma)

18/73
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Total Variation of Brownian Motion

Consider a probability space (2, F, P) and {W; }+>¢ is a Brownian motion.
I1,, is a partition of [0, T| where

O=tr<t1 <tg < ---<th =T

[TL, || = lfgiagl(fi —ti—1)

Definition (Sample First-Order Variation)
The sample first order variation is given as

n—1
Vi, = D [Wiy, (@) — Wy (w)], w € Q
i=0

19/73
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A% Total Variation of Brownian motion (cont.) =
and we know the sample quadratic variation is
n—1
QHn = Z(Wti+1(w) Wt1+1(w)) , w € Q
i=0
n—1
= Z(Wti+1 - Wti) (Wti+1 - Wti)
i=0
n—1
- }Wti-&-l - Wti} Wti+1 - Wy
i=0
n—1
= 1205 (IWep, — Wfi‘)) ; Wi, = Wy

20/73
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as ||[TI,|| — O
QH" — T

and

— 0

max ‘Wt. - Wy,
1<i<n!' 1 !

Path Continuity: Since Brownian motion paths are almost surely continuous.

Qr,

’ maxi<i<n (‘Wti+1 - Wti ‘)

< TV,

. as [, — 0 TV, > o0
21/73
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Key Takeaways ot

Riemann integral is built from first-order increments At = t; — t;_; and works for
smooth / finite-variation paths.

Riemann-Stieltjes integral ff dg typically requires the integrator g to have bounded
variation.

For Brownian motion, we obtain

a.s

2
On, 5T, Qu 25T, TVh — oo

Hence Brownian paths are not finite-variation paths, so treating W, with ordinary
Riemann / Riemann-Stieltjes calculus is not sufficient.
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AP Towards fOT f(t) dw, SR

From Riemann-Stieltjes integral

T
/ f(t) dg(t) is defined for any continuous integrand f
0

when the integrator g has bounded variation, i.e., Z(Agi)z = Z(g(ti+1) — g(ti))2
i

i

=0
whatif g(t) = W, ?
We are interested in
T
/ f(t)dw, - Weighted Random accumulation over time
0

23/73
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“'FES - Why Riemann-Stieltjes Fails for Brownian Motion - R

but from quadratic variation of Brownian motion, We have

n—1 n—1 )
Z(Awﬁ)2 = Z(Wtiﬂ - Wfi) =T
i=0 i=0

*. Riemann Stieltjes Integral doesn’t exist.

24/73
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Wiener Integral ot

Consider f is a deterministic function where f € L2[0, T].
L2[0, T] denotes hilbert space of all real valued squared integrable functions on [0, T].
Consider a partition

3
P L

O=tr<t1 <tg < ---<tp=T
{W¢}t>0 is a brownian motion with respect to filtration
yt:O'(WSZSSt)

Consider f is a simple function

n—1
f(f) = Z a; l[ti,ti+1)(t) Vi, a; € R
i=0

25/73
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Wiener Integral(cont.) TR

Q
AIFES
Aifor Finance, Economies and Society

ao, t€ [to,t1)
ai, te [t17t2)

f(t) =
an, tE [tn,tht1)
Define -
I(f)(w) = Zf(ti)(wti+1 (w) th(w»
i=0

26/73
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piooinFES Wlener Integra I (Cont.) T

n—1
I(f) = Zf(tl) (Wti+1 - Wti)
i=0

n—1
I(f) = Zai (Wti+1 - W)
i=0

I(f) is a random variable and measurable .%, .

27/73
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Expectation of Wiener Integral T T

3
e s

n—1
E[I(f)] =K !Z ai (Wti+1 - Wti)]
i=0

=
I
—_

E [ai (Wti+1 - Wti)]

S -
[
- O

a & [(Wti+1 - Wti)]

Il
o

28/73
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AL';Esa Expectati on Of (I (j‘) ) 2 o putat s g s

Indion Isttute of echnology Hyderabad

[ /n—1 2
E[(1()"] = E (Z @ (We, - m))

-nfl n—1
=E Z Z aiaj (W, — Wr,-)(ij+1 - WQ)]

i=0 j=0

fori #j
E [(Wtj+1 - Wti)(Wtj+l - ij)] =0

fori=j
E [(Wfi+1 - Wti)z] =tiy1— ¢

29/73
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A Expectation of (I(f))? (cont.) AR
n—1
E[(I(f))Z] = ai2 (tit1 —t;)
i=0
n—1

(f(&))? (tix1 — &)

Il
o

i

T
E[(I(F))?] = / (F(0)2dt

Note: The limit is not required here because for a step function is already “built out of
rectangles” So integration is just adding those rectangles.

30/73
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If f(t) and g(t) are deterministic functions.
where

n—1 m—1
f(t) = Z ai l[tf,ti+1)’ g(t) = Z bj l[sjvsHl)
i—0 =0

O=to<ti1 < - <ty =T and O=so <851 < <8n=T
are the two partitions with respect to f(t) and g(t).

n—1
I(h) = Zhi (Wti+1 - Wti) Vi, hy € R
i=0
Need to show
I(af (t) + bg(t)) = al(f) + bI(g)  fora,b € R
31/73
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w8552 | inearity of Wiener Integral (cont.) TR
proof:
Given

I
&
—~
S
¥
-
S
~—

n—1
I(f) - Zai (Wti+1 - Wti) I(g)
i=0

Consider a partition
II = {uo,ul,...,uK} :{to,tl,...,fn}U{SQ,Sl,...,Sm}

Now, rewrite f(t) and g(t) w.r.t II

K-1 K—-1
f(t) = Z Oék l[uk,uk+1) g(t) - Z Bk l[uk,uk+1)
k=0 k=0

K—-1 K—-1
32/73 I(f) = Z ok (Wuyyy — Wy,) I(g) = Z B Wy, — Wy)
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Consider

Similarly

33/73

Linearity of Wiener Integral (cont.)

Wi, — Wy = Z (Wu"“ B

k: [ug,ug+1) Cltitig1)

0S¥

i=0 K [ug,uxr1)Cltistit1)

K-1
= Zak (Wuk+1 - Wuk)
k=0

K—1
I(g) = Zﬁk (Wuk+1 - Wuk)
k=0

W)

Wa,)



w8555 |inearity of Wiener Integral (cont.) SR
K-1 K-1
af + bg =a Z O[k l[uk,uk+1) + b Z Bk l[uk,uk+1)
=0 k=0
K—-1
= (ac + bS) l[uk7uk+1)
k=0
K-1
. I(af + bg) = > (aoy + bB) (W, — Wy,)
k=0

K—-1 K—-1
=a) oWy, = Wy) +0> B (W, — W)
k=0 k=0

34/73 - al(jf) +bI(g)

r 1
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2. I(f) is well defined by showing L? convergence = =i

Let f € L]0, T]. Choose a sequence {f, }°° ; of step function such that f, — f in L%[0, T].
Need to show
I(f) = lim I(fy)  inL*(Q)

n—oo

Suppose {gm} is another such sequence i.e gn, — f in L2[0, T].
- B (I(fa) —I(gm))z] =E [(I(fn —gm))Q] (linearity)
-/ C(ult) —gm(®)? de (isometry)
Fa(6) = gm(€) = fa(e) = F(6) = (gm(t) = £(©))
(a(6) = gm(9))” < 2 | (fa(0) = F(9))* + (gm(€) — £(6))?

35/73
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Wiener integral via L? convergence R

T T
[0 =g de <2 [ [0 = £0)7 + (0(6) —F(0)7] de > 0, asmm — o

So, {I(fn)}5  is cauchy in L2()
T
()W) = </0 £(0) th> @) weo

T
1= [ rwaw,

where
I: 1%[0,T] — L*()

36/73
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We use L? convergence to define the integral, defining almost surely for every outcome
w € Qs difficult due to irregular nature of Brownian motion.

37/73
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A5 Wiener Integral: Key Interpretations SR

Wiener Integral:

= [ saw,

¢ Financial Interpretation:
f(t) = Number of Shares held at time t
W; = Price fluctuations
Wiener Integral = Total gain/loss from trading
¢ No Drift (Mean):
E[I(t)] =0

= No predictable trend

38/73
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e Variance:

st = | f(s)ds

I6) ~ N (0, /0 t f(s)zds>

= Gaussian (if f deterministic)
e Special Case: If f(t) = 1, then

e Distribution:

I(t) =W,

39/73
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“'FES = Ito Integral SEEEL

Ito Integral:
Consider a probability space (2, .7, P).
W, is a brownian motion adapted to filtration .%;,
where t € [0, T| and
Fr=0(W;:0<s<t)

Consider a stochastic process X;
where
Xe(w) € L24([0,T] x Q) i.e.,

(i) X¢(w) is adapted to brownian motion filtration .7,

(||)/ \Xt < 00

40/73
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Ito integral (cont.)

Consider X; is a simple process

n—1
Xe(w) =Y &(w)
i=0

&os
Xt _ .517
€n7
where §; is .#;, measurable
and E[¢?] < o0

41/73
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l[ti,ti+1)(t) w €N

t € [to,t1)
t € [t1,t2)

te [tna tn-i-l)
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Ito integral (cont.) TR
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Define -
L) = Y 6(w) (Wey, (@) — We(w))  wen
i=0

I; is a random variable and .%; measurable.

42/73
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m—1
E[It] = Z E [51 (Wti+1 - Wti)}
i=0

& is %, measurable
Wi, — Wy is F¢,,, measurable.

oo & and Wy, — Wy, are independent random variables

m—1
g ]E[It] = Z E[&] ']E[Wfiﬂ - Wfi]
i=0
E[l] =0

43/73
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“'FES - Expectation of I T

2
E[I?] =E (Zgl Wiy — Wt,>

mfl m—1

=E (YD &G (Wey — Wo) (W, — W)

| i=0 j=0
fori #j

E [fifj (Wfi+1 - Wti) (ij+1 - ij)]
& is Fy, measurable and §; is 7, measurable
Wi, — Wy is F,,, measurable Wy, | — Wy, is #;, , measurable
§i.§: W, — We, and Wy, — Wy, are independent

44/73



& ]

S iy Expectaﬁon of It2 (Cont.) sy

S E |:€l§] (Wti+1 - Wti) (Wtj+1 - Wtj)] =0

fori=j
E & (Waps — Wa)?| =E[&] B | (W, — Wa)’|
=E[¢] (ti1 —t)
=K [sz:] (ti+1 — ti)
Now,
m—1
E[If] =) E[X2(tis1—t)]
i=0
m—1 t
=K X2(tip1 — & —E{/des]
45/73 ; alfin — 1) o
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Linearity of Ito Integral T

3. It(aXr + bYt) - aIt(Xt) -+ bIt(Yt)
n—1
Xt - Z 51' l[ti,t,url)(t)
i=0

m—1
Yt = Z TZ] l[Sj,sj+1)(t)
j=0

From linearity of wiener integral, we have seen any 2 partitions of 2 different simple
functions we can come up with common refinement

46/73



w8555 |inearity of Ito Integral (cont.) SR
K-1 K-1
. Xt = Z gk l[uk,uk+1)(t) Yt = Z Tk l[uk,uk+1)(t)
k=0 k=0

K—1 K-1
It(Xt) _ ng (Wuk+1 — Wuk) It(Yt) = Z’l’/k (Wuk+1 - Wuk)
k=0 k=0
now K—1
aX; + bY; = Z(a & + bnk) l[uk,ukJrl)
k=0
n—1
L(aX; + bY) = Y (a&i+bm) Way, — We)
i=0
47/73
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-8 inearity of Ito integral (cont.) S,

n—1 m—1
=a Z&l (W, — W) +Db Z n (W, — W)
i=0 i=0

= al,(X;) + bL(Y;)

T T T
/ (aXt + bYt) th - a/ Xt th + b/ Yt th
0 0 0

48/73
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2. Convergence and Existence in L2((2) =

We define the It6 integral of the general process f as the limit of the integrals of the
approximating step processes:

I(f) = nlggol(fn).
(For the above approximating step processes, one can refer to 4.3 in Introduction to

Stochastic Integration by Hui-Hsiung-Kuo and 3.1 in Stochastic Differential Equations by
Bernt Oksendal)

To prove this limit exists, we show {I(f,)} is a Cauchy sequence in L?(£2). By the It6
Isometry:

b
E[|I(f) — I(m)[2] = / E[[fa(t) — fin(0) 2] d.

As n,m — oo, the right-hand side goes to zero because {f; } is a Cauchy sequence in the
2€/a7c3e of integrands.
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Because LZ(Q) is a complete Hilbert space, every Cauchy sequence must converge to a
unique limit that also belongs to L%().

t
It - / Xs dWs
0

I : L24[T, Q] — L[*(Q)

where

50/73
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Ito integral (Martingale) T

I; is a martingale:
i) It is adapted
i) E[I] < oo (=0)
proof:
t
I = / Xy dWy = > Xi(Wy,, — W)
0 i

for s < t, decompose

s t
It:/Xuqu+/Xuqu
0 s

t
51/73 =L+ /S Xy dWy
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A2 |to integral (Martingale cont.) S,

now .
KL | %] = E [Is—i— / Xy dW, | g?]
N

t
:E[Is|3?s]+E[/ xudwu|9fs]

t
=L+E [/ X, dW, | ﬂs] to(1)

N

52/73
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Ito integral (Martingale cont.) TR

we know

m—1
Xu = ZXI l[tith»l) and Xl c fti
i=0

assume s =ty and t = t, such that t;, <t

¢ m—1
(/[ )(u(iVVﬁ = :E:: )G(‘¢Qp*1 - vvﬁ)
$ i=k
t m—1
E [/ X, dW, | %] =E | Xi(W., - W) | Z
s i=k

53/73
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A |to integral (Martingale cont.) R
fori=k =
E [X(We,, — W) | Zs] = Xk E [(We,, — We) | T
=0 —(2)
fori >k
E[Xi(Wy,, — Wy) | Z] =E[E [Xi(We,, — W) | Z] | F]
=E [XE [(We,, — W) | Z] | F]
=E [X; (E[We,, | Zo] EWy | F2)) |
=0 —(3)

from (1),(2),(3)
E[l | %] =1

54/73
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Consider a partition IT, in [0,t] where 0 =ty < t; < --- < tp =t.
Consider sample quadratic variation of Ito integral as

n—1
IHn = (Iti+1 - Iti)2
i=0
n—1 tit1 t 2
=> (/ Xdes—/ Xdes>
i—0 0 0
n—1

tit1 2
</ XS dWs)
ti

Il
o

55/73
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Quadratic variation of Ito integral (cont.) S

. AIFES e
From the definition of Ito integrable

t
I, = X;dW, = i Xe. (We,, — We
t /0 s s \\Hiﬁgoz ti ( tit1 tz)

from ||I1,,|| — O, we can say that each interval becomes arbitrarily small.
Now consider a partition in the sub-interval [t;, ti 1] where Xy = Xy,.

IIm = {s0,81,-.-,5m} S0 ="ti,...,Sm = ti11
I, = lim 1(_10) + lim Il(_fl) 4.4+ lim Il(_}:n—l)
T[>0 =" |[Thm[| >0 = T[>0 =

n—1
In, = lim 1%
;nnmlmo i
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Quadratic variation of Ito integral (cont.) T
m—1
= Z (th. (W, — WSJ.))2 - Evalation at left end point
j=0
m—1
2
- Xt, (Wsj+1 WSJ)Z
j=0
2 a.s
=X, (tiy1 — ti) S0 =ti,...,Sm = tit1, Qm, — T
n—1
I, = Y _XZ (tip1 — &)
i—0



A% Quadratic variation of Ito integral (cont.) L
n—1
lim I, = lim X2 (tiy1 —t;)
T —0 Hnnaol; AR

t
= / Xs2 ds (from Riemann integral)
0
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Ito process oy

- AIFES —

In any real world processes, the processes has both drift(Predictable) and
randomness(Unpredictable).

Ito Process

Consider a probability space (€2,.%, P).
W; is a brownian motion.
X; is said to be Ito process
t t
X = Xo + msds-i—/adeS
0 0

where m; and o; are adapted wrt filtration of Brownian motion.
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Ito process (conditions) S

o AIFES o

For the Ito process
t t
Xe =Xo + msds+/ oy dWs,
0 0

Ito process to be well defined the below conditions need to be satisfy:
fot |m¢| dt < oo almost surely for every t > 0.
2. [y E[jo¢|?] dt < oo for every t > 0.
3. Xo is .%o measurable, and fot mg ds, fot o, dW; are .%; measurable.

Hence X; is .%; measurable.
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Ito process (cont.) TR

o AIFES o

Consider the increment over a small interval

t+At t+At
Xt—i—At_Xt = (X() —X()) +/ msds+/ JdeS
t t

= mtAt+ O'tAWt

dXt mtdt+0't th

This is differential form of Ito process Note: The differential form of informal notation
because
dW hasnomathematicalmeaninganditactsasstochasticintegratorintheintegralform.
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w8 Ito lemma/Ito Doeblin formula S
Ito lemma:
For a function f(t, x), The taylor expansion is given as
of of 10%f ., 10%f 9
t+dt dx) = f(t = dt+ = dx+ - —=(dt ——(d
f(+ ,X‘i‘ X) f(?x)+at +ax X+28t2( ) +28X2(X) +

Consider a function X; which has non zero quadratic variation function

B of of 10%
F(E+deXe +dX) = (6, %) + - de + 5 dXe + 5 25 (dX0)
For brownian motion
(dW)? =dt  (dt)>=0

(de)(dW,) = (dr)*/2 =0,  (dt)*/? < dt
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Consider
- of of 1 82f
df (t,X¢) = ot dt + Dx aX; + E@dt — (1)
10%f

——=dt — Ito correction term

2 Ox2
It appears because Brownian motion has non-zero quadratic variation,
(dW,)? = dt,

so second-order terms do not vanish as they do in ordinary calculus.
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“'FES = Ito lemma (cont.) B
from Ito process
dXt me dt+0't th (2)
(dX,)? = (medt + o dW;)?

=o2dt — (3)
Substitute (2), (3) in (1)
) 2
df = f L de 8f (medt + o dW,) + aJ: oldt
af 10 af f
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1. The function f need to be C2.
2. If fis C2 function then f(X;) is also a Ito process, where X; is a Ito process.

3. Ito lemma after applying for any f(X;) where X; is an ito process and f is C? then
f(t, X¢) is also Ito process.

_(of 10% ,  Of of

drift volatility

4. dW; is also an ito process with drift O and volatility 1.
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A5 Examples of using Ito Lemma S,
Examples:
1 f(X) = X?

d(X?) = 2X;m,dt + 2X,0,dW; + o2dt
2. f(Xr) - ext
de* = &% (m; + }o? )dt + ¥ oaw,

3. f(Xe) =InX;

1 11
d(h’lXt) = )det - Eﬁ(dxt)Q
t
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25— Examples of using Ito Lemma (cont.) R

4. For Brownian motion W, take f(t, x) = x2.

of 10% of

ox
1

Hence
QW dW, = d(W?) — dt

t
1
/ WedWs = —(W? —t)
0 2
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Geometric Brownian Motion TR

Geometric Brownian Motion:
Consider an differential form of ito process

dSt = ,LLStdt + O'Stth

1 = drift (growth rate)
o = volatility

|etf(St) =In St
from Ito lemma )
of 1 0%f
df(X;) = = dt dX; + =
FXe) = 5p 4t ox, e T 2 ax2

a

(dXe)?
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2. Geometric Brownian Motion (lemma applied) — ==EE
1 1/ 1
df(S;) =0+ —dS; + = | —<5 | (dS)?
f(S) =0+ ¢ r+2<St2>( t)

(dS;)? = oS (dW,)? = o°S%dt
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Geometric Brownian Motion (cont.)

1
o df(Sy) = pdt + odW, — Eazdt

1
= <M— 20'2> dt+0th

(J
L
1 bt

Indion Isttute of echnology Hyderabad
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4. Geometric Brownian Motion (cont.) T
1 2
Sod(InSy) = | p— 50 dt + cdW;
Integrating O to t

1
InS; —InSy = <u — 202> t+ oW,

1
St = Spexp <<,u — 202) t+ O'Wt>
1 2 2
InS; ~ N [ InSy + p=50 t,ot
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A2 Geometric Brownian Motion (distribution) e

W ~ N(O, t)v

oW, ~ N(0,0%t),
a+ oW, ~ N(a, 0'21'),
S; is log-normal.
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Reason behind Geometric Brownian motion e

Reason behind Geometric Brownian motion

If S; is Stock price at given time t

1. Brownian motion as stock price can go negative but Geometric Brownian Motion (GBM)
gives the solution always positive

2. To talk about percentage return instead of raw prices
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